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Erich Hecke first showed that the Dedekind zeta-function for an ideal class 
in an imaginary quadratic field has an infinite number of zeros on the critical 
line. Recently, K. Chandrasekharan and Raghavan Narasimhan proved the 
result for both real and imaginary quadratic fields. In this paper we give a 
quantitative result. Namely, let N,(T) denote the number of zeros of the Dedekind 
zeta-function <R(& + it (5) for 0 < t < T. Then, for every z > 0, there exists a 
positive constant A such that 
N,,(T) > ATl/-. 
1. INTRODUCTION 
Let K be a quadratic field and (X an ideal class in K. If a, denotes the 
number of nonzero integral ideals of norm m in 6, the Dedekind zeta- 
function of the class 6 in K is defined by 
where s = u + it and u > 1. Chandrasekharan and Narasimhan [l] 
have recently shown that &(s, 6) has an infinite number of zeros on the 
critical line CT = a. In this paper, we give an improvement on this result. 
THEOREM. Let N,,(T) denote the number of zeros of I&(+ + it, 6) for 
0 < t < T. Then, for every E > 0 there exists a positive constant A such 
that 
N,(T) > AT+--<. 
As remarked in [I, Theorem 31, a similar theorem holds for any linear 
combination of zeta-functions of ideal classes in K. 
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The proof of our theorem depends on the following two lemmas: 
LEMMA 1. For every irrational number x, 
1 a,eawim2 = o(T’ - T) 
T<m&T’ 
as T and T’ tend to a~ in such a way that (T’ - T)/T1J2 also tends to co. 
The proof of Lemma 1 is similar to the proof of Theorem 1 in [l]. 
LEMMA 2. Let 
J = ,:. ta (-$)‘” dt, 
whereol>O,t>O,andO<T<T’,(2T,Then 
J = O{T*/log(T/f)} if 5 < T, (1.1) 
J = (27r)* p+)eic*ff-e) + O(Ta+2/5) + O{Ta/log([/T)} 
+ O{T”/log( T’/[)} if T < 5 < T’, (1.2) 
J = 0{ T”/log([/T’)} if T’ < [, (1.3) 
J = O(T”+*) in any case. (1.4) 
This lemma was proved by Potter and Titchmarsh [2, Lemma l] and 
was used by them to prove a corresponding theorem on the zeros of a 
class of Epstein zeta-functions. It is their method that we use in our 
pro0f.l 
In the sequel, c always denotes a nonzero constant, not necessarily the 
same with each ‘occurrence. 
2. PROOF OF THE THEOREM 
We employ the same notation as in [ 11. Thus, if K = Q( V/--d), d > 0, 
let x(s) = (r(l - s)/F(~))(A/27r)~-~~, h = dZ, and if K = Q(a), let 
Iy&{l - s)) h 1-2s 
x(s) = P(&s) Y - ( 1 
1 Professor Potter has kindly notified me of a small error in his paper. On p. 374, 
writefi(s) = (2?r/ t/a)-ar(s)Z(s) andf(s) = exp(&i(i - s)}fi(s). Then,f,(s) = fi(l --s), 
and not f(s) = f(l - s). The proof and results remain valid. 
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If Z(t) = (~(4 + it)}-* &(+ + it, a), then Z(t) is real for real t and 
1 Z(t)1 = 1 && + it, (X)1 . Here (x(s)}-+ denotes a fixed branch defined on 
the upper half-plane. 
By Cauchy’s theorem, 
s c {x(WS&, 6) ds =0, 
where C denotes the rectangle with sides u = 4, (T = 1 + 6, 6 > 0, t = T 
and t = T + H. Here, H satisfies the inequalities Tt < H < T and will 
be chosen explicitly later. Thus, 
Using the functional equation for &(s, E), Stirling’s formula for r(s) in a 
vertical strip, and the appropriate Phragmen-Lindelof principle, we find 
that 
Thus, 
&(s, 6) = O(tl--o+q, 4) < u < 1 + 6. (2.2) 
{x(s)}-+ && 6) = O(t*+y, 8 < 0 < 1 + 6. 
The first and third integrals on the right side of (2.1) are, therefore, 
O(Tf+s). By Stirling’s formula, the second integral is 
c j:,8 p)t+a+it 
e-it[K(1 + 6 + it, CC) dt 
+o(j:‘” t-*‘“<x(1 + S,(X) dt) 
where B = A/2v. 
Now, divide the range of summation into the subintervals whose end 
points are 
1, B(fl-- 1)2, B(v’/TS- 1)2, B(m - 1>2, B{v%-?? + l}‘, 00, 
with the convention that each interval is closed on the left. Let the sums 
be denoted by JY1 ,..., &, , respectively. We examine each sum in turn. 
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By (1.1) we have 
z; = 0 T&+6 
ml+= lozBT/m) .I ’ 
The contribution of those terms with m < $cBT is 
Let 0 < 77 < 6. It is well known that a, = O(mv). The remaining terms in 
Z1 then contribute 
Letting M = [B(Z/T - 1)2] and k = M - m, we find the above to be 
c l/logW + 213 1/5;- B)/(M - 
OQc<+BT 
= 0 Tn-+ 
( 
c M 
O<k&BT 2B d/T- B i- k 
= O(T*+” log T) = O(T*+6). 
Using (l.3), we find in a similar manner that Z5 = O(T*+8). Using (1.4), 
we have 
The number of terms in this sum is O(T1jz), and so 
z2 = O(T*+“) = O(T*+“). 
In a like manner it is seen that Z4 = O(Tf+6). Lastly, by (1.2), 
& = c C a,e- 2nimlA + 0 (TS/lO+S c $) 
+ 0 (Tf+s c m1+6 lti(m/BT) 
+ 0 ( T*fS c ml+& log{;& + H)/m} 1 ’ 
= ‘Go + &l + z22 + z;, , 
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say, where each sum is over B( d/T + 1)2 < m < B{ dT + H - 11”. The 
number of terms is O(H), since VT < ff. Thus, it is easily seen that 
z;, = O(T-l/1°f8 H) = o(H). 
To estimate ZS2 , let M = [B(fi + I)“] + 1 and m = M + k. Then, 
z;, = 0 T-++n -,<;<,, WgWf + WM - 33 d/T-- BN) 
c M-2B1/T-B 
-l<li<tw k i- 2BdTf B- i 
= O(Tb+n log H) = O(T3+6). 
A similar argument yields ZS3 = O(T3+6). Finally, provided that 
T* = o(H), a direct application of Lemma 1 gives 
z;, = o(H). 
In conclusion, by (2.1) we have shown that 
s 
T+H 
Z(t) dt = o(H) + O(Tffs). (2.3) 
T 
Now, let k be any positive integer such that ak # 0. By Cauchy’s 
theorem, 
s t+i(T+H) W&, 6) ds )+iT 
= ( jzz; + j;::““’ + jf;it(T+H;) kS&(s, 6) ds. (2.4) 
By (2.2) the first and third integrals on the right side of (2.4) are O(T*+*). 
The second is 




1:” 1 Z(t)[ dt = k-* .cT’” j k*+““<,(; + iT, K)i dt 
b k-* IS T+H k*+%&(i + it, 6) dt T 
> a,k-*H + O(TffS). (2.5) 
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Suppose Z(t) is of constant sign, i.e.,,&& + it, 6) # 0, on (T, T + H). 
Then, 
I/T+H Z(t) dt 1 = s:” I Z(t)/ dt. (2.6) 
T 
The left side of (2.6) by (2.3) is o(H) + O(T*+s). By (2.9, we find that (2.6) 
yields a contradiction if we choose H = T*+, where E > 6. Thus 
L&($ + it, 6) has at least one zero on (T, T + H), The theorem now 
follows. 
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